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Abstract : In this paper, some new classes of log-type estimators have been proposed for estimating the population mean of
the study variable using the auxiliary information. In order to improve the performance of the proposed classes, their jack-

knifed versions are also proposed. Finally, some remarks are made and a numerical study is included as an illustration.
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1. Introduction

In sampling theory, auxiliary information is widely
used to obtain more efficient estimators for the
population parameters to increase the precision of the
estimator. The use of auxiliary information is preferable,
when such auxiliary information is readily available. The
ratio, regression, product and difference methods take
advantage of the auxiliary information at the estimation
stage. Many authors like, Sisodia and Dwivedi (1981),
Pandey and Dubey (1988), Upadhyaya and Singh
(1984), Kalidar and Cingi (2003), Koyuncu and Kalidar
(2009a), Bhushan (2012), Bhushan and Katara (2010)
Bhushan and Pandey (2010), Bhushan et al. (2011)
alongwith many others have proposed various estimators
using auxiliary information on various population
parameters like coefficient of skewness, kurtosis,
variation, standard deviation, correlation coefficient, etc.
The literature contains a wide range of ratio, product,
difference and exponential estimators proposed by
various renowned authors, but the logarithmic estimator
is used probably for the first time for the estimation of
population mean. The logarithm function has some useful
properties that make it very common in various branches
of science as well as non-science disciplines. In this
paper, we have tried to make use of the logarithmic
relationship between the study variable y and the
auxiliary variable x for estimating the population mean
Y. The proposed estimators would work in case when
the study variable is logarithmically related to the

auxiliary variable.

Consider a finite population U = (U, U,, U,) of
size N from which a sample of size n is drawn according
to simple random sampling without replacement
(SRSWOR). Let y, and x denotes the values of the
study and auxiliary variables for the ith unit (i=1,2,...,N)
of the population. Further let y and X be the sample
means of the study and auxiliary variables, respectively.

We propose the following new classes of log-type
estimators for the population mean Y as

T - o X
6L y{ + 09(7 )

Ts, =Y|1+a, Iog(%ﬂ 2)
il )]

Tes= y_1+ Iog( & H (3)

T.,=Y|1+a, Iog[é—iﬂ (4)

Where, X~ =aX +h, X_ =ax +b such that a(z 0),
b are either real numbers or functions of the known
parameters of the auxiliary variables x such as the
standard deviations(S,), coefficient of variation (C),
coefficient of kurtosis {f,(x)} and correlation

*Author for correspondence

Received January 14, 2015

Revised May 26, 2015 Accepted June 29, 2015



488 Shashi Bhushan et al.

coefficient (p) of the population.

If o. =0, then the proposed estimator becomes the
usual per unit mean estimator y. If o, = +1, then the
proposed estimator becomes a product type estimator
and if o, = -1, then the proposed estimator becomes a
ratio type estimator having efficiency conditions
equivalent to that of product and ratio estimators,
respectively.

2. Properties of the Suggested Classes of Log-
type Estimators

Some basic properties of the proposed estimator
considered up to the terms of order n-! are as follows

Theorem 2.1 : The biases of the proposed
estimators are given by

2
Bias(TGl)=kn\7[alpyXCyC ~a,C’ Mt ](5)
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BIaS(TGZ) = 7\'nY [a2pynyCX - 72Cy ] (6)

2 2
Bias(T,,) = xY[ a,4p,,C,C, —a,v°C} + 32 c ] @)

. v 4V2 2
Bias(T,,)=%,Y| a,vp,,C,C, - > C| ®
Theorem 2.2 : The mean square errors of the
proposed estimators up to the terms of order n! are
given by

MSE(Ty;)=2,Y?(C] +a’C] +2a,p,C,C,) i=12 (9)

MSE(Tg) =1,7%(C} +au’C} +20,0p,C,C, ) i = 3,4 (10)

Corollary 2.1 : The minimum value of MSE
obtained for the optimum value of o, is given by

C
_ y iz
Yiopy T Py 1=12 (11)
o = P Sy _
i(opt) v CX 1=3,4 (12)

Where, v = a)?/(a)?+ b)
and the minimum value of MSE is

MSE, ;. (Te)) =2,.Y*.C(1-p,) (13)

Which is same as the MSE of the linear regression
estimator.

Note : It is important to note that if the parameters
p, 2,52 are not known then they can be estimated by
X'y

their unbiased and consistent estimators and following
Sampath (2005), it can be easily shown that the resultant
estimators attain the same MSE given in (13).

3. Some members of the class of estimators T _,
and Te,

It can be easily observed that the classes T, and
T., are more generalized form of class of estimators in
the sense of the constants a(z 0), b which are either
real numbers or functions of the known parameters of
the auxiliary variables x such as the standard deviations
(S,), coefficient of variation (C ), coefficient of kurtosis
{B,(x)} and correlation coefficient (p) of the population.
Thus, a wide range of estimators can be formed using
these known population parameters. Some of them are
listed in Table 1.

It is needless to reiterate that for o = +1, the above
estimators behave as product estimators and for
o = -1, as the ratio estimators.

4. The Jack-Knife Version

In order to explain the idea behind Jack-Knife, let
us consider the jackknifing of T, class of estimators.
Though a similar derivation can be done in the preceding
section for the other proposed classes. Now, consider
a random sample of size n = 2m drawn from the finite
population of size N by SRSWOR and we randomly
split this random sample into two random sub samples
of size m each.

Define the following estimators

TO _go|q U
61 =Yy +|Og 7

T = y[1+ Iog(éﬂ% (14)

Where, g y@ and x¥, x™ are the respective
means of the study variable and the auxiliary variable
based on the split sub-sample 1 and 2 each of size m
and y, X are the respective means of the study variable



Some Log-type Classes of Estimators using Auxiliary Information

Table 1 : Some Generalized members of the proposed class of estimators ‘T, 'T_,".

Log-type estimators
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and auxiliary variables based on the entire sample. Then,
we have

Bias(T}') =2, YA = Bias(T.?) (15)
and
Bias(T¢Y) =2, YA =K, (say) (16)

Let us define

(e +72)

T, = — (17)
as an alternative estimator for population mean.
Bias(T,,) =1, YA =K,, (say) (18)
Define the ratio
K A -
€ =Ku_ P No2m 19)
K, A, 2(N-m)

We propose the Jack-knife estimator based on T .;'s

T = (Tc(;iS) B KiTcl;i)

= ;wheni=1,2 3,4 20
Gl 1_K ’Wenl H H ) ( )

Similarly, the remaining Jack-Knife estimators can
be constructed exactly on the same lines.

Theorem 4.1 : The Jack-Knife estimators TGJi are
unbiased up to the first order of approximation and the

MSE(Ty)=2,Y?(C2 +alC] +20,p,C,C,) 1=1,2

MSE(Tg)=,Y?(C2 +a/C} +20,0p,C,C, ),i=3,4
and therefore it attains the min MSE of T, under the
same optimizing values of o.

Proof : Can be done on the lines of Bhushan
(2012).
5. Some Remarks

5.1 Comparison with some commonly used
estimators

In this sub-section, we compare the proposed
classes of estimators with some important known
estimators generally prescribed in literature (Table 2).
The comparison will be in terms of their MSE’s up to
the order of n-t. For the preceding section, we know
that

min MSE(T,,) = A.Y2.C}(1-p, ) = M(say)
i=1,2,3,4

Table 2 : Comparison among estimators.

) Population 1 Population 2
Estimators
MSE PRE MSE PRE
y 2515.168 100 5051313 100
Ve 2676515 | 939.7177 | 7.740137 | 652.6129
Y, 106854 | 2353837 | 209.1657 | 24.14982
Yie 2246335 | 1119.677 | 6.747592 | 748.6097
i 2246335 | 1119.677 | 6.747592 | 748.6097

We consider the following known estimators.

(i) The SRS mean y. It is an unbiased estimator of
population mean and its variance is given by

Var(y) = MSE(Y) =AY °C/

MSE(y) - M =AY *C?p2 >0 (21)

yryx

. o - X
(ii) The usual ratio estimator Y, = y¥

MSE(y,) - M =2Y?(C, -C

2
x yPVX) 20 (22)

(iii) The product estimator y_ =y

|| >

MSE(,,) - M =2Y?(C, +Cypyx)2 >0 (3

(iv) The usual linear regression estimator
Yir = 7+B(Y_Y)

MSE(, ) =1.Y2.C}(1-p’ )= M (24)

Both the estimators, viz. the usual regression
estimator and the proposed class of log-type estimators
have the same MSE, but the proposed class of log-
type estimators are more efficient in the sense that they
can be made unbiased using the Jack-Knife technique.

5.2 Some important special cases

It is to be noted that, if the information available on
the auxiliary variable is positively correlated with the
study variable, the ratio estimator is a suitable estimator
for the estimation of population mean. Likewise, if the
correlation between the variables is negative, the product
estimator is used. But, if there exists a logarithmic
relationship between the study variable and the auxiliary
variable, log-type product and log-type ratio estimators
will be more suitable for estimation of the population
mean given respectively, by
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o)
o]

Which satisfy the efficiency conditions (i)

C, 1

PC—y < — for T, the product type log estimators and

X

Cy 1
(i) pC—>— for T

> i the ratio type log estimators.
X

6. Numerical lllustration

To compare the efficiency of the suggested class
of estimator T_ numerically, we considered a natural
population data set. The description of the population is
given below.

Population 1 : [Koyuncu and Kalidar (2009)]. The
data concern primary and secondary school for 923
districts of Turkey in 200. The variables are defined as
follows

y : number of teachers in both primary and
secondary school.

X : number of students in both primary and
secondary school.

N =923;n=180; Y =436.4345; X =11440.4984,
S, =749.9395; S =2131.1315; p = 0.9543

Population 2 : [Singh and Chaudhary (1986)]. The
data concerns the no. of boats landing and the catch of
fish at a particular centre.

y : number of boats landing at a particular centre

X : catch of fish in quintals.

N =12, n=5; Yy =27.33 ; X =550.33, S, =
20.80792; S, = 448.6919; p = 0.930816
7. Conclusion

The present study extends the idea regarding the
effective use of auxiliary information if the relationship
between the study variable and the auxiliary variable is
of logarithmic type. The present study provides some

novel estimators that may be used when such auxiliary
information is available. The comparative study of the
proposed Jack-Knife estimator establishes their
advantage in the sense of unbiasedness and minimum
mean square error over various estimators including
the usual product and ratio type estimators. This study
is also supported through an empirical study and the
results of this study are quite encouraging both
theoretically and empirically.
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